Anticipating Reflected Stochastic 
Differential Equations 



Zongxia Liang 

Department of Mathematical Sciences, Tsinghua University, Beijing 100084, 
China. Email: zliang@math.tsinghua.edu.cn 

Tusheng Zhang 

Department of Mathematics, University of Manchester, Oxford Road, 
Manchester M13, 9PL, England, U.K. Email: tzhang@maths.man.ac.uk 
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1 Introduction and main results 

Let a : 3? — > dt be a continuous function and B be an !ft-valued standard 
Brownian motion on a complete filtered probability space (fl, J 7 , {J r t }te[o,i]: P) 
satisfying the usual conditions. For x > 0, we consider the following stochastic 
differential equation on = [0, +oo) with reflecting boundary condition: 



where o denotes the Stratonovich integral. A pair (X t (x), t G [0,1]) is 
called a solution to equation (1.1) if 

(i) X (V) = x, X t (x) > for t G [0, 1], 

(ii) X t (x), are continuous and adapted to {^t}te[o,i], 

(iii) is non-decreasing with Lg = and 



(iv) (X t (x), Lf) satisfies Eq.(l.l) almost surely for every t > 0. 

There now exists a considerable body of literature devoted to the study of 
reflected stochastic differential equations(see [6j [TTJ [2j [131 El H2] and refer- 
ences therein ). It is well-known that Eq.(l.l) has a unique solution for any 
given initial value x > if a and its derivative are Lipschitz continuous func- 
tions. 

Now consider the following question: Does there still exist a pair (X t , L t ,t € 
[0, 1]) to solve Eq.(l.l) if the initial value is an arbitrary non-negative random 
variable Z which may depends on the whole Brownian paths ? 

The answer is not immediately clear because one needs to deal with antici- 
pating stochastic integration. The main purpose of the present paper is to give 
an affirmative answer to the above question. More precisely, our main result 
is the following 

Theorem 1.1. Assume that the function a, its derivatives a' and a" are Lip- 
schitz continuous, and Z is a nonnegative random variable. Then there is a 
pair (X t (Z), Lf , t G [0, 1]) that solves the following anticipating reflected SDE, 




(1.1) 




(1.2) 




(1.3) 
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and satisfies 

(i) X (Z) = Z, X t (Z) > forte [0, 1], 

(ii) X t (Z), Lf are continuous, 

(Hi) Lf is non- decreasing with Lf = and 

[ X{x a{ z)=o}dL z s = Lf . (1.4) 
Jo 

Where the stochastic integral in (1.3) is interpreted as anticipating Stratonovich 
integral. Let us now recall the definition. For any t G [0, 1], let ir denote an 
arbitrary partition of the interval [0, t] of the form: n = {0 = t < tx < ■ ■ ■ < 
t n = t}. Let ||7r|| = sup {(t k+1 — t k )} denote the norm of ir. For a stochastic 

0<fc<n-l 

process / = {f s , s G [0, 1]}, we define its Riemann sums S n (f,t) by 

SM,t) = Z Zl r / fsds){B tk+1 -B tk ). (1.5) 

^ tk+1 -t k \ Jt k J 

We have the following 

Definition 1.1. We say that a stochastic process f = {f s , s e [0, 1]} such 
that Jq X{s<t}\fs\ds < +oo a.s. is Stratonovich integrable if the family S T (f,t) 
converges in probability as ||7r|| — » 0. In this case the limit will be called the 
Stratonovich integral of the process f on [0, 1] and will be denoted by J* f s odB s . 

Let us now describe our approach. To prove Theorem 1.1, the natural idea 
is to replace x in (1.1) by the initial random variable Z and prove that the 
pair (X t (Z), Lf) satisfies the anticipating SDE. To achieve this, the key is to 
establish the following substitution formula 

/ a(X s (x))odB s \ x=z = [ a(X s (Z))odB s (1.6) 
Jo Jo 

for all t E [0,1]. 

To obtain (1.6), it seems that we can not apply the existing substitution for- 
mula in the literature (see [9], [10]) because the regularity of the solution X t (x) 
of (1.1) with respect to the initial value x is not good enough to satisfy the 
required hypothesis. Instead, we prove (1.6) by showing the uniform conver- 
gence (w.r.t. x) of the corresponding Riemann Sums S w (t,x) (Theorem 5.1 in 
section 5 below ). The Garsia, Rodemich and Rumsey's Lemma and moments 
estimates for one-point and two-point motions(Theorem 4.1, 4.2 in section 4 
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below ) will play an important role. For the proof of (1.4), we need to study 
the continuity of the random field J^l{X s {x))dL x s for any continuous function 
l(y) on (0, oo) with compact support. 



This paper is organized as follows. Section 2 is to study the regularity of 
the solution (X t (x),L^) of Eq.(l.l). In Section 3 we prove the continuity of 
functional of local times. Section 4 is to study moments estimates for one- 
point and two-point motions. In Section 5 we prove the uniform convergence 
(w.r.t.x) of the Riemann Sums S^(t,x). The proof of Theorem 1.1 will be 
completed in Section 6. 

2 Regularity of the solution (Xt(x), Lf) of Eq.(l.l) 

We first recall the deterministic Skorohod problem(see[10j). 

Definition 2.1. Let y G {/ G C([0, 1] — > 3?), /(0) > 0}. We will say that a 
pair (x, k) of functions on [0, 1] is a solution of the Skorohod problem associated 



Proposition 2.1. Assume that the function a satisfies the same conditions 
as in Theorem 1.1, and (X t (x),L x ) is a solution of Eq.(l.l). Then there is a 
constant c such that 



with y if 

(i) x t = y t + k t , t G [0, 1], 

(ii) x t >0, te [0,1], 

(Hi) k is increasing, continuous, k(0) = and satisfies 




(2.1) 



In this case, the function k is given by 



k t = -mf{(y s A0)}. 



(2.2) 



E{ sup \X t (x) - X t (y)\ p } < exp{q? 2 + cp}\x - y 



p 



(2.3) 



for any x, y G K + and p > 1. 
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Proof. By Holder inequality, we need only to prove Proposition 2.1 for 
p > 4. Let a(x) := ~(aa')(x) for any x G 9?, we have 

X t {x)=x + [ o{X s (x))dB s + [ a{X s {x))ds + L*, £6 [0,1], 
Jo Jo 

(2.4) 

Mv) = V+ [ <r(X s (y))dB s + [ a(X s (y))ds + L v t , fe[0,l]. 
Jo Jo 

(2.5) 

By the reflection principle (2.2), 

L* = -inf{(x + f a{X s {x))dB s + [ a(X s (x))ds) A 0}, t G [0, 1], 
s -* Jo io 

(2.6) 

L\ = -M{(y+ I a(X s (y))dB s + [ a(X s (y))ds) A 0}, tG[0,l]. 
s -* Jo Jo 

(2.7) 

Thus, 



\X t (x) - X t (y)\ < |ar-y|+sup| / [a(X s (x)) - a(X s (y))]dB s \ + \L* - L v t \ 

s<t Jo 

< 2IX-2/I + 2SUPI f [cr(X s (x)) - a(X s (y))]dB s \ 

8<t Jo 

+2 I \a(X s (x))-a(X s (y))\ds. (2.8) 
Jo 

Set Y t (x,y) = sup s < t {\X s (x)-X s (y)\}, 4> t (x,y) = \\Y t (x,y)\\ p for any x, y G 3?+ 
and p > 4. By Burkholder (see [1]) and Holder inequalities, 

|| sup | / [a(X s (x)) - a(X 8 (y))]dB 8 \ \\ 

s<t Jo y 

<cp\\\{ [\a(X s (x))-a(X s (y))} 2 ds)"\\ p 
Jo 

<cpH ij s (x,y) 2 ds)\ (2.9) 



where we have used Lipschitz continuity of a. 
Similarly, 



\a(X s (x)) - a(X s (y))\ds\\ < c{ ^ s (x,y) 2 ds)~ 2 . (2.10) 



Using (2.8), (2.9) and (2.10),we get that 

Mx,y) 2 <l2\x-y\ 2 + (12c 2 p + 3c 2 ) [ ^ s (x,y) 2 ds. (2.11) 

Jo 

It follows from Gronwall's lemma and (2.11) that 

E{ sup \X t (x) - X t (y)\ p \ < exp{12cp 2 + 3c 2 p + 3p}\x - y\ p . 

Thus we complete the proof. □ 

In view of (2.6) and (2.7), the following is a direct consequence of Propo- 
sition 2.1. 

Proposition 2.2. Assume that the function a satisfies the same conditions 
as in Theorem 1.1, and (X t (x),L^) is a solution of Eq.(l.l). Then there is a 
constant c such that 

E{ sup \L x t - L y t \ p \ < exp{cp 2 + cp}\x - y\ p (2.12) 
t<i 

for any x, y G 3? + and p > 1. 

Similar arguments lead to the following result. 

Proposition 2.3. Assume that the function a satisfies the same conditions as 
in Theorem 1.1, (X t (x),L^) is a solution of Eq.(l.l). Then there is a constant 
c such that 

E{ sup \X t (x)\ p \ < exp{cp 2 + cp}(l + x) p , (2.13) 

0<t<l 

E{ sup \L x t \ p ) < exp{cp 2 + cp}(l + x) p (2.14) 

0<t<l 

for any x G 3?+ and p > 1. 

Next, we study the regularity of the solution (X t (x) , L*) of Eq.(l.l) w.r.t. 

t. 

Proposition 2.4. Assume that the function a satisfies the same conditions as 
in Theorem 1.1, (X t (x),L x ) is a solution of Eq.(l.l). Then, for any R > 
and p > 1, there exist constants C(p, R) such that, for s,t G [0, 1], 

sup E{\X t (x) - X s (x)\ 2p } <C(p,R)\t-s\ p , (2.15) 

0<x<R 

sup E{m-L:\ 2p }<C(p,R)\t-s\ p . (2.16) 
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Proof. For < s < t < 1, let f(t) = -x- J* a(X s (x))dB s - J* a(X s (x))ds. 
By reflection principle, 

L*= sup{/HV0}. 

0<M<t 

Noting that 

L*-Ll< sup {|/(«) -f{a)\}, (2.17) 

s<u<t 

by Burkholder (see [1]) and Holder inequalities, we have 

a(X v (x))dB v \ 2p } 
a(X v (x))dv\ 2p } 

< c(p)E( f a{X v {x)fdv) p 

J s 

+c(p)E(\ [ a(X v (x))dv\) 2p 

J s 

< c(p)(l + R 2p )(\t- s\ p + \t-s\ 2p ) 

< c(p,R)\t- s| p , (2.18) 

and this implies (2.16). Since 



\X,(x)-XJx)\ < 



a(X v (x))dB v \ + | / a(X v (x))dv\ + \L x t -L% 



the inequality (2.15) follows from (2.16), Burkholder (see [T]) and Holder in- 
equalities. Thus we complete the proof of Proposition 2.4. □ 

3 Continuity of functionals of local times 

Let (X t (x),Lf) be a solution of Eq.(l.l). Because of Propositions 2.1-2.2 
and Proposition 2.4, we may assume that X t (x),Lf are jointly continuous in 
(t, x). Let l(y) be a continuous function on (0, oo) with compact support. Put 
F(t,x) = Jll{X s (x))dL x s for x e 3fj+. We have the following 

Proposition 3.1. Assume that the function a satisfies the same conditions as 
in Theorem 1.1, and (X t (x) , Lf) is a solution of Eq.(l.l). Then the function 
F(t,x) is jointly continuous in (t,x). 
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Proof. Since 



\F(t,x)-F(s,x)\ <sup{\l(y)\}\L* t -L% (3.1) 

y>0 

the function F(t, x) is continuous in t uniformly with respect to x in any 
compact set by Proposition 2.4 and Kolmogorov's continuity criterion( see 
Theorem 1.4.1 in [3J ). Thus, it suffices to show the continuity of F(t,x) w.r.t. 
x for any fixed t. Let x n , x G with x n — > x as n — > +oo. By Propositions 
2.1-2.2, and Kolmogorov's continuity criterion( see Theorem 1.4.1 in [3] ), we 
have 

L *n _^ L ^ Xt (x n ) — X t (x), (3.2) 

uniformly in t, as n — > +oo. Therefore, there exists a constant C > 1 such 
that for all n > 1 

L* n <C + Ll (3.3) 
Since the function l(x) is bounded and continuous, by (3.2) and (3.3), 

[l(X s (x n )) - l(X a (x))]dL?\ — > (3.4) 



as n — > +oo. Because L x t n and Lf are increasing and continuous, by (3.2), 
the sequence of finite measures dL^ n on [0, 1] converges weakly to the finite 
measure dL\ on [0, 1]. Therefore, for bounded continuous function l(X s (x)) on 
[0, 1], we have 

lim / l(X s (x))dL x s n = [ l(X s (x))dL x s . (3.5) 
Jo Jo 

The proof of Proposition 3.1 follows from (3.4) and (3.5). □ 

4 Moments estimates for one-point and two- 
point motions 

For any R > and x G [0,R], let (X t (x),Lf) be a solution of Eq.(l.l).We 
define S n (t,x) and I(t,x) by 

S n (t,x) := S 7T (cr(X.(x)),t), 
I(t,x) := / a(X s (x))odB s = [ cr(X s (x))dB 3 + \ [ (aa')(X s (x))ds. 



o Jo 
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Write 



S n (t, x) 



n-l 



k=0 

tfc+i 



n-l ^ / rtk 



k=0 



+ E ^773^1 / HX s (x))-a(X tk (x)))ds)(B tk+1 -B tk ). 



(4.1) 

By Ito's formula, for s >t k , 

a(X s (x)) - a(X tk (x)) 

= f a'(X u (x))a(X u (x))dB u + f a' (X u (x))dL x u 
Jt k Jt k 

+ \ I {a'f{X u {x))a{X u {x))du + \f a"(X u (x))a 2 (X u (x))du. 
1 Jt k 1 Jt k 

(4.2) 

Thus we can write S w (t, x) — I(t, x) as follows: 

S v (t, x) - I{t, x) = A l7T + A 27T + A 3w + A 4n , (4.3) 

where 
A ln (x) :■■ 



= Y,^ X ^))(B U+1 -B ti )- a(X s (x))dB s , 
A 2 *{x) := t +1 ds( I" a'{X u {x))a{X u (x))dB u )(B ti+1 -B ti ) 

,-_n Z i Jti Jti 



i=0 

ft 



, , a'(X s (x))a(X s (x))d S , 
^ Jo 

A^{x) := E-^— r +1 ^( f[{a'f{X u {x))a{X u {x)) 

+<^X tt (a;))<7 2 (X tt (a;))]du) x (B ti+1 -B ti ), 

AM ■= E d < [ °'{Xu{x))dLl) x (S ti+1 - £ t J. 

i= o i+1 * ^ 



Proposition 4.1. Assume that the function a satisfies the same conditions as 
in Theorem 1.1, (X t (x),Lf) is a solution of Eq.(l.l). Then for any p > 2 and 
R > there exist constants C(p,R) such that 

sup E{\S n (t,x)-I(t,x)\ 2 *>} <C(p,R)\\*\\&. (4.4) 

xe[o,R] 

Proof. In the sequel, we will use c(p) to denote a generic constant which 
depends only on p and whose value may be different from line to line. By 
Burkholder-Davis-Gundy inequalities, we have 

{E{\A l7T (x)\^ < c(p)E W (a(X s (x))-o-(X u (x)Yds) 

,--n I ^ti 



i=0 
n— 1 



< c(p)J2i\ I (n(a(X s (x))-a(X u (x)rn)"ds 

i=0 ^ 



< c(p)||7r||, (4.5) 
where we have used Proposition 2.4. For jo > 1, by Holder inequality, 

E{|A 3 ^)i 2 n 

^ E {(E(A r +lrfs [\(<7') 2 (Xu(x))o-(X u (x)) 

\ j = Q i Jti J ti 

+a"(X B (z))<7 2 (X u (a))]dli) 2 X ( £(3 tj+1 - ^) 2 ) P } 



' i=0 

n-1 

< c(p)||7rfsupE{(^(i3, +1 -^) 2 ) P } 

i=0 

< c(p)||7r|| p . (4.6) 
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E{\A 47T (x)n < E{(jV-J— [ U+1 ds [ a\X u {x))dLlY) p 

n-1 
i=0 

n— 1 n— 1 

< c( P )E{(x;(^ 1 -^)T >< (E^-^m 

i=0 i=0 

n-1 

< C (p)E{(sup(L£ +1 - Ll)LlY x (^(5 ti+1 - B ti f) P } 

i . „ 

i=0 

< c(p)(E{(sup(L* +i -^)) 3p })i(E{(L?) 3p })i 

i 

n-1 

xE{($>, +1 -iyy} 



i=0 
p 



< c(p)||7r||f, (4.7) 

where Proposition 2.4 and Kolmogorov's continuity criterion( see Theorem 
1.4.1 in [3] ) were used in the last inequality. Using Fubini Theorem, can 
be further written as 

A 27T (x) = A$(x) + A®(x) + A${x), (4.8) 

where 

A$(x) := (**!-«) (</(X«(z)MX«(s)) 

-cr'(X u (x))a(X ti (x) J ck, 

i=0 

= E^t r( / (ttfi-w)^^))^^))^)^-^; 

i=o hi 



A%(x) 



1 



ti+i 



( / (t J+1 -u)a'{X u {x))a{X u {x))du)}. 
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Since a' a is Lipschitz continuous, it follows that 



n-l 



{E{\A%(x)nr? < J2 {E{\\a'(X u (x))a(X u (x)) 

i=0 J *i 

-a'(X ti (x))a(X u (xW}}*du 

n—l /■t_i_i 

< cJ2 I {V{\\X u (x)-X u (x)\n}idu 



i=0 

II i 

< C 7Tp. 



(4.9) 



Similar arguments lead to 

{E{i4^)ro"<ciMii (4.io) 

Noting that is a martingale. Using Burkholder-Davis-Gundy inequalities, 
we obtain that 

{E{\A^(x)\^ 



< c(p) 



V i=0 _ C » -^i 



1 



H Jt. 

n-l 



( / (t t+1 - u)a'(X u (x))a(X u (x))du)Y 



< c( 



E {^^( [° + \ti + i-u)a'(X u (x))a(X u (x))dB u )(B ti+1 -B ti 

.-_n L H+l _ H 



i=0 
1 



n—l 



( / (t i+1 - u)a'(X u (x))a(X u (x))du)} 2p 



< c(p)J2\{V{\-, T j (t i+1 -u)a\X u (x))a(X u (x))dB u )(B ti+1 -B t M 2p y 



+ ( E {| 



' ( [ h+ \t l+ i - u)a'(X u (x))a(X u (x))du\} 2 ^ 



ti+l U Jti 



< c(p)||7r||, 

where Holder inequality was used for the last inequality. Combining the esti- 
mates for A^, and A^ together, we deduce that 



(4.11) 



{E{|A 27r (x)| 2 ^< C ||7T||i 



(4.12) 



Now (4.4) follows from (4.5), (4.6), (4.7) and (4.12). The proof is complete. 
□ 
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Next result is the moment estimates for the two point motions. 

Proposition 4.2. Assume that the function a satisfies the same conditions 
as in Theorem 1.1, (X t (x),L^) is a solution of Eq.(l.l). Then for any p > 2 
and R > there exists constants C(p, R) and (3, independent of the partition 
it, such that 

E{ sup \S v (t,x)-S n (t,y)\ p }<C(p,R)\x-y\&, (4.13) 
te[o,i] 

for all x, y G [0, R}. 

Proof. Similarly as (4.3), write 

S*(t,x) - S*(t,y) = A l7T (x,y) + A 27T (x,y) + A 37r (x,y) + A 47r (x,y), (4.14) 
where 

n-1 



A ln (x,y) := Y,n x tM)-^X ti {y))){B u+1 -B ti ), 

i=0 

-a , (X u (y))ff(X tt (y)))dS l( ^ x (S tj+1 — £? ti )}, 

+a"(X M (x))a 2 (X M (x)) - (a') 2 (X u (y))a(X u (y)) 
-a"{X u {y))o\X u {y))]du} x (B ti+1 - B u ] 

A4*(x,y) := E"^— " H f a'(X u (x))dL x u 



i=0 

f s 



- f a\X u {y))dLl}{B u+1 -B u ) 

= ^(o)£-^— - C +1 ds { f dL -- f dLi}{B u+1 -B u ). 

i=0 i+1 { Jt i Jt i Jt i 

By Burkholder-Davis-Gundy inequalities, the Lipschitz continuity of a and 
(2.3), it follows easily that 

E{ sup \A l7T (x,y)\ p } <C(p,R)\x-y\*, (4.15) 
te[o,i] 
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By virtue of (2.3) and the Lipschitz continuity of a'a, 



E{ sup \A 27T (x,y)\ p } 

t€[0,l] 

n-1 , „t i+ i 



< Eir^TT / l+1 ^( E (l f (cr'(X u (x))a(X u (x)) 
-</(X u (y))a(X tt (y)))dB B ) x (S ti+1 - ^Jl"})* } 



2p / \ 2p 



-a'(X u (y))a(X u (y)))dB u \^j (E{\(B U+1 - B u )\^} j } 

i—Q Z + l % J ti \ J ti / 

< c(p)\x-y\. (4.16) 
By a similar, but simpler argument, we also found that 

(e{ sup \A 37T (x,y)\P}Y <c(p)\x-y\. (4.17) 
V te[o,i] / 



Observe that 



(^(x, y )) 2 < c£-^— - t +1 ds{L*-Li-Ly + Liy 

.-_n ^+1 ~~ ^ 



i=0 

n-1 



X 



X 



i=0 








sup - 

0<s<l 


n— 1 1 „£. 

l=0 - u J ti 


hl (|LJ-L*| + |L» 




n-1 
i=0 


~B u f 






sup - 

0<s<l 


n-1 
i=0 






n-1 
i=0 






(4.18) 
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It follows that 



E{ sup \A^(x,y)\ 2p } 
te[o,i] 

< c(E{(sup |L^-L^| 3 n)^(E{(L^ + Lf) 3p })3 

0<s<l 
n-1 

x(E{(^ +1 -5 t J 2 )) 3p })^ 

< c(p,R)\x-y\* p . (4.19) 

Putting together above estimates (4. 15)- (4. 17) and (4.19), we arrive at (4.13). 
□ 

The following result can be proved similarly as Proposition 4.2. 

Proposition 4.3. Assume that the function a satisfies the same conditions as 
in Theorem 1.1, (X t (x),Lf) is a solution of Eq.(l.l). Then for any p > 2 and 
R > there exists a constant C(p,R), such that 

E{ sup \I(t,x)-I(t,y)\ p } <C(p,R)\x-y\ p (4.20) 
te[o,i] 

for all x, y G [0, R] . 

5 Uniform convergence of the Riemann sums 

Theorem 5.1. Assume that the function a satisfies the same conditions as in 
Theorem 1.1, (X t (x),L^) is a solution of Eq.(l.l). Then for any p > 2 and 
R>0, 

lim E{ sup \S T (t,x) - I(t,x)\ 2p } = 0. (5.1) 

lklH° x€[0,R] 

Proof. By Propositions 4.2 and 4.3, it follows from Garsia-Rodemich and 
Rumsey's Lemma (cf.[4j)that there exists a constant /3 > 0, independent of 
7r, such that for x, y G [0, R], 

\S n (t,x) - S w (t,y)\ < K w (u)\x - yf , (5.2) 

\I(t,x)-I(t,y)\ <K(u)\x-yf°, (5.3) 
where K^{u), K(u) are random variables that satisfy 

supE{|i^| p } < oo, E{\K\ p }<oo, (5.4) 

7T 
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for all p > 1. This is possible because the constant in Propositions 4.2 is 
independent of ir. Thus, given any e > 0, there is S > such that 

E{ sup sup \S w (t,y) - S w (t,x)\ p } < e, (5.5) 

xe[0,R]y:\y-x\<8 

E{ sup sup \I(t,y) - I(t,x)\ p } <e. (5.6) 

xe[0,R]y:\y-x\<5 

On the other hand, for any 5 > 0, we can find x±, ...,x m such that 

M]cuf =1 %i). 

Consequently, 

sup | S'tt x) — I(t, x)\ p 
xe[o,R] 

< sup sup \S n (t,y) - I(t,y)\ p 

Xi y&B{xi,&) 

< c(p)sup sup \S w (t,y) - S v (t,Xi)\ p 

Xi y£B(xi,S) 
m 

+c{p)Y J \S,{t,x i ) - I{t, Xl )\ p 
i=i 

+c(p)sup sup \I(t,y) -I(t,Xi)\ 2p . (5.7) 

Xi y£B(xi,S) 

By virtue of (5.5) and (5.6), this implies that 

E{ sup \S v (t,x) - I(t,x)\ p } 
xe[o,R] 

m 

< 2c(p)e + c(p)E{J2\Sn(t,x i )-I(t,x i )\ p }- (5-8) 

i=i 

Let first ||7r|| —> and then e — > to get (5.1) by Proposition 4.1 and (5.8). 
Thus we complete the proof. □ 

6 Proof of Theorem 1.1 

We will prove that (X t := X t (Z), Lf) solves the anticipating reflected SDE 
(1.3). Let l(y) be any given continuous function on (0, oo) with compact sup- 
port. Since (X t (x),L*) is a solution of Eq.(l.l), F t (x) = j^l{X s {x))dL x s = 
for all uj in some measurable set Qt,x with P(Jl tjX ) = 1. By continuity of F t (x) 
proved in Proposition 3.1, we have 

P(u : F t (x,u) = for all (t,x) G [0,1] x [0, +oo)) = 1. 
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Hence 



P(u : F t (Z,u) = for all t G [0, 1]) = 1 



(6.1) 



for any non-negative random variable Z. This implies that 




X{x s (z)=o}dL s 



Next we prove (1.6). By Theorem 5.1, the following holds almost surely on 



Letting M — > oo we obtain the substitution formula (1.6), and therefore prove 
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